The author proposed the simple design procedure of pole placement controller for linear time-varying multi-input systems. The feedback gain can be obtained directly from the plant parameters without transforming the system into any standard form. This design method will be applied to the problem of the trajectory tracking control of 2-link manipulator.
Introduction
The control of the robot manipulator is a nonlinear control problem. To stabilize nonlinear systems around some particular position, we approximate the system around this operating point by a linear time-invariant system, and then, linear time-invariant control design methods are applied. But, if we need to track some particular trajectory in wide range, gain scheduling strategies or nonlinear controllers are used, in general. The computed torque method is one of the most useful such controllers [1] [2] . On the other hand, there still is another basic and classic control strategy. That is, by approximating the system around some desired trajectory by a linear time varying system, and then, various linear time varying controller can be applied. However, since, controller design method for linear time-varying system is not necessarily simple [5] [9] [10] , it seems that this control strategy is not commonly used. The author et. al. have proposed a simple pole placement controller design method [7] . Such controller is obtained by finding a new output signal so that the relative degree from the input to this new output is equal to the system degree. It was also shown that this type of controller can be applied to the trajectory tracking control problem by using a numerical example [6] .
In this paper, such time-varying pole placement control technique will be used to the trajectory tracking problem of the real 2-link robot manipulator to show the validity of time varying controller approach. The problem is to design the input torque to the joint so that the end portion tracks some desired trajectory. Since, the proposed method is based on the linear time-varying approximate model around some desired trajectory, it has robustness for the modeling error for the nonlinearity and has applicability of the observer-based controller for this type of manipulator control in the framework of the linear time-varying control theory.
In Section 2, the linear time-varying pole placement design procedure is summarized. Then, this method is applied to a real 2-link robot manipulator control problem, and an experimental result will be shown in Section 3.
Pole Placement of Multi-Input Systems

Tracking Control of Nonlinear Systems
In this section, we summarize the trajectory tracking controller design method of nonlinear systems using linear time-varying control technique.
Consider the following nonlinear system.
Here, x(t) ∈ R n and u(t) ∈ R m are the state variable and the input signal. Let x * (t) and u * (t) be some desired trajectory and desired input signal, that is,
where the initial state, x * 0 is on the desired trajectory. The problem is to design the controller to make x(t) track the desired trajectory, x * (t). Let Δx(t) and Δu(t) be defined by
Then, (1) can be approximated by the following linear time-varying system around (x * (t), u * (t)).
where
This system is a linear time-varying multi input system. In this paper, by stabilizing Δx(t), the trajectory tracking controller is designed using linear time-varying pole placement technique.
Linear Time-Varying Pole Placement Design Procedure
Consider the following linear time-varying system.
x(t) = A(t)x(t) + B(t)u(t)
where, x(t) ∈ R n and u(t) ∈ R m are the state variable and the input signal vectors. A(t) ∈ R n×n and B(t) ∈ R n×m are the time varying coefficient matrices, which are smooth functions of t. Using vectors b i (t) ∈ R n , the matrix B(t) can be written as follows.
Then, the pole placement controller design procedure for linear time varying systems is as follows.
STEP 1 Using the following recursive equations,
we can define the controllability matrix by
Then, check the controllability of the system (1) . If the system is controllable, find the controllability indices μ 1 , · · · , μ m . Then, define the nonsingular matrix, R(t) by
which is called the truncated controllability matrix.
STEP 2 Calculate the new output matrix, C(t) ∈ R m×n , by
. . .
and
Here,
by the following recursive equations.
Determine m desired stable characteristic polynomials for the closed system by
where p is the differential operator.
If we define a new output signal y(t) ∈ R m by y(t) = C(t)x(t)
the total relative degree from u(t) to this new output, y(t), becomes the system degree, n, and the vector relative degree becomes μ 1 , · · · , μ m . And, hence, we have the fol-
and,
Then, we have the last STEP.
STEP 4
Finally, the pole placement state feedback is
From the above steps, the new output y satisfies the following equation as a closed loop system. ⎡
This has the following state realization with w(t) ∈ R n as a new state variable.
The characteristic polynomial of A * i is α i (p). On the other hand, using (6) and (19), the closed loop state equation becomeṡ
x(t) = (A(t) − B(t)Λ −1 (t)D(t))x(t)
It is readily shown that x(t) and ω(t) satisfy the following relation by the straightforward calculation [7] .
w(t) = T (t)x(t)
It is well known that the exponential stability is preserved between two equivalent linear time-varying systems if the transformation matrix is Lyapunov transformation [3] . If T (t) is nonsingular, and both of T (t) and T −1 (t) are continuous and bounded for all t, T (t) is called Lyapunov transformation matrix [4] . (25) is Lyapunov transformation.
Theorem 1 In the above pole placement control, the closed loop system is exponentially stable if the transformation matrix T (t) in
Tracking Control of a Two-Link Robot Manipulator
In this section, we apply the linear time-varying control technique [6] to the real manipulator equipment, to show its availability to real systems. Fig.1 is a picture of 2-link manipulator.
The model of the manipulator is depicted in Fig.2 . All links rotate in the horizontal plane. Its motion equation is described as follows. 
M (θ(t))θ(t) + C(θ(t),θ(t))θ(t) + D(θ(t)) = τ (t) (26)
where,
Here, θ i (t) and τ i (t) are a joint angle and an input torque of i-th joint, l i and r i are a length of the i-th link and the distance between the i-th joint and the center of gravity of i-th link, and J li is the moment of inertia of i-th link about its center of gravity. D(θ(t)) is a friction term.
Eq.(26) can be written as a following state equation.
The values of the physical parameters of our 2-link manipulator are shown in Table 1 .
It should be noted that, if the number of links increases, the calculation process for the desired input signal and linear time-varying approximate model becomes complicated. From this point of view, we use MAXIMA which is the free software for symbolic calculation. In general, a problem of calculating the desired input signal u * (t) for given desired trajectory x * (t) is difficult. This is because x * (t) and u * (t) must satisfy the system differential equation (27) . However, in the manipulator case, it is straightforward to calculate u * (t) = τ * (t) from the desired joint angle θ * (t),θ * (t) andθ * (t) using (27). Since many of mechanical systems can be represented by a state equation like (27), it is also straightforward to find u * (t) from x * (t) for those systems. Let the desired trajectory of the end portion of this manipulator be the circle in the horizontal x-y work space described in Fig.3 . From this desired trajectory of the end portion, the desired trajectory of the joint angles, θ * (t), and their speed,θ * (t), can be calculated using the inverse kinematics, i.e., the desired state trajectory is defined by MAXIMA is used to calculate the explicit function representations for x * (t) and u * (t), which are omitted because of the space limitation. Instead of this, the graphs of x * (t) and u * (t) are shown in Fig.4 and 5. The manipulator system (27) is approximated by the following linear time-varying system around (x * (t), u * (t)).
Δẋ(t) = A(t)Δx(t) + B(t)Δu(t)
Using the above equations, the pole placement controller is designed with the desired stable closed loop eigenvalues as (−6, −150, −6, −100). Fig.6 shows the closed loop response of the manipulator end portion in the horizontal work space. The initial position of the end portion is (0.4, 0) in the coordinate of the work space which corresponds to the initial state variable, x 1 (0) = x 2 (0) = x 3 (0) = x 4 (0) = 0. The control input u(t) = u * (t) + Δu(t) is shown in Fig.7 . Fig.8 presents the response of the state variable vector (joint angles and their speed). From this, the linear time-varying pole placement technique works well for the trajectory tracking control of 2-link robot manipulator. 
Conclusion
This paper concerned with the problem of trajectory tracking control of nonlinear systems. Nonlinear system can be approximated using a linear time-varying system along some desired trajectory. The author already proposed the simple design procedure of the pole placement controller for linear time-varying system. The paper showed that this design method has a good availability to the trajectory tracking control of real 2-link manipulator. .
